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of the triangle, which intersect at point | and which intersect the sides of
the given triangle at points A’, B" and C’, and the circumcircle of triangle
ABC at Aj, B; and Ci. Then, we will call the triangle A’B'C’ the I-cevian
triangle attached to the triangle ABC and the point I, and we will call the
triangle A1B1C; the I-circumcevian triangle attached to the triangle ABC
and the point I. In the following, for any neN, n>2, we will denote by
AnB,C, the I-circumcevian triangle attached to the An1Bn.1Cna triangle.
Using common mathematical knowledge, valid in any triangle, but also
the results presented in the two papers mentioned above, we can obtain a
series of very interesting geometric or trigonometric identities and
inequalities, some of them very difficult to prove synthetically. The work
is exclusively about Mathematics Didactics and is addressed to both
students and teachers eager for performance in this field of Mathematics
or, in Mathematics in general.
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Introduction: -

Posing the problem

This paper is a particularization and continuation of the paper (Valcan, 2022), which, in turn, is a particularization
and continuation of the paper (Vilcan, 2021).

Thus, in this paragraph, we will present the main results obtained in (Vilcan, 2022), starting from the results in
(Valcan, 2021). In this sense, we consider a triangle ABC and the following definitions — see the figure below.

Continuing the general ideas from (Valcan, 2021) for any three cevians and particularizing them for the case of
bisectors, in (Valcan, 2022) we referred to the I-cevian triangle and the I-circumcevian triangle, attached to a
triangle ABC and point | — the center of the circle inscribed in this triangle ABC.

Thus, in (Vilcan, 2022), considering the figure below, in which [AA’, [BB'and[CC' are the bisectors of angles A, B
and C of triangle ABC, with A’e(BC), B'’e(CA) and C’'<(AB), which intersect at point | — the circle of the circle
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inscribed in triangle ABC and in which A1, B;, C; are the points where these internal bisectors intersect the
circumcircle of the triangle for the second time, triangle A’'B'C’ we called the I-cevian triangle attached to triangle
ABC and point I, and triangle A;1B1C; we called the I-circumcevian triangle attached to triangle ABC and point I.

We specify that the triangle A’B’C’ is also called the pedal triangle associated with the triangle ABC.

In this paper we will refer to iterative I-circumcevian triangles, that is, to those triangles that are I-circumcevian for
other I-circumcevian triangles.

As in the works mentioned above, we will denote by a, b, ¢ the lengths of the sides of triangle ABC, by a’, b’ and ¢’
the lengths of the sides of triangle A’B’C’ and by ai, b; and c; the lengths of the sides of triangle A1B1C:. We will
also denote by S’, p’ and r’ - the area, semiperimeter and radius of the circle inscribed in the triangle A’'B’'C’ and by
S1, p1 and ry - the area, semiperimeter and radius of the circle inscribed in the triangle A1B1C;.

We will keep the numbering from (Vélcan, 2022) and continue from there.
As we showed in (Vilcan, 2022), the following equalities hold:

or:

1)

2)

By = A= ans and
*ABCy = Bi= Shiay and
SCAB: = Al . A

and

a1=2-R-sinA1=2-R-sin B+C =2-R-cos%
b=2-RsinBy=2-Resin ot C =2'R-cos§ '

3) pi= m =R- cosé+ cosE+cosgj ;
2 2 2 2

the analogues:

not.
<%B:C1A; = Ci= A;_ B .

not.
n—-B
<A1B:C, = Bl:T’
not.
n—-C
xB;C1A; = C,= >

and the analogues:

€1=2-R-sinC1=2-R-sin A+B c

=2-R-c0s —.
2

(3.6)

(3.6)

3.7)

(3.8)
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or:

P1 >
:R-(sinA1+sinBl+sinC1):4-R-cos% -cos% ~cos%
A+B B+C A+C
=4-R-cos -COS -COS
4 4 4
=4Rcos T2 c0sT=B 05 T=C (3.8)
4 4 4
4) 81:m:2'Rz-sinAl-sinBl-sinCFZRz-sin A+B -sin B+C -sin A+C
4-R 2 2 2
—2R2sin "= A in =B in T=C :2-R2~cosé-cosE~cosE, (3.9)
2 2 2 2 2 2
or:
S;1=2-R?.:sinA;-sinB;-sinC;=2-R2.sin r_A -sin r B -sin r ¢
2 2 2 2 2 2
:2-R2~cosA ~cosE ~cos£ . (3.9)
2 2 2
5) r1:i :4-R-sinﬁ -sini ~sin&:4~R~sin A+B -sin B+C -sin A*C
D, 2 2 2 4 4 4
~4RsinT=2 5in®=B 5in 2=C (3.10)
4 4 4
or:
2‘R2' 'nA . 'nB . 'n COS*'COS*'COS*
rlziz ZI 1 SIB ,-SinCy —2R. A2 é 2C ’ (3.10)
Pr R.[cos™0 4 cos—0 +cos -0 COS—— +C0S— +COS—
2 2 2 2 2 2
or:
fi=4-Rsin 2L sinBLsin &L 24 R sin T2 5in P28 5in T=C (3.10")
2 2 2 4 4 4
Main Results:-

In this paragraph we will study iterative I-circumcised triangles. So now we begin an iterative process. Therefore, let

be:

>

>

A:B,C; the I;-circumcevian triangle of the triangle A1B1Cy, that is the triangle formed by the intersection
points of the bisectors [A1A2, [B1B2 and [C1C; of the triangle A:B1C, with its circumscribed circle;
A3B3Cs the I-circumcevian triangle of the triangle A2B,C,, that is the triangle formed by the intersection
points of the bisectors [A2As, [B2B3 and [C,Cs of the triangle A>B,C,, with its circumscribed circle;
A4B4C4 the I3-circumcevian triangle of the triangle A3BsCs, that is the triangle formed by the intersection
points of the bisectors [AsAs, [B3B4 and [C3Cs of the triangle AsBsCs, with its circumscribed circle;

AnBnC, the Ini-circumcevian triangle of the triangle An-1Bn1Cnaa, that is the triangle formed by the
intersection points of the bisectors [An-1An, [Bn1Bn and [Cn1Ch of the triangle AnaBn-1Cn1, with its
circumscribed circle.

Then, according to equalities (3.6) and (3.6"), the following equalities hold:

A1:B+C=R—A’ BlzC+A:n—B and C1=A+B:n—C’
2 2 2 2 2 2

A= Bl+Cl:n+A’ BZ:C1+A1=7r+B and CZ=A1+81=“+C,
2 4 2 4 2 4
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_Bz+C2_3'T[—A _Cz+A2_3'TC_B _A2+Bz_3'ﬂ:_c

A , B and C ,
T2 8 T2 8 T2 8
A4: Bz+C2:5'TC+A, B4:C2+A2:5'TC+B and C4:A2+82:5'TC+C,
2 16 2 16 2 16
A5: B4+C4=11'TC—A, BS=C4+A4=11'T|:—B and C5=A4+B4:11'T|:—C,
2 32 2 32 2 32
Ag= BS+C5:21-n+A, Bezcs+A5:21-n+B and Ce:A5+BS:21'n+C,
2 64 2 64 2 64
A= Bri+Ciy , B,= CoatAng and C.= An1+Bny . (4.1)
2 2 2
To determine the angles An, Bn and C,, we proceed as follows: we consider three numbers X, y, ze(0,+) such that:
X+y+z=Kk (4.2)
and also, we consider three sequences X, Yn and z, defined as follows:
Xo=X, Yo=Yy and Z0=2, (4.3)
and, for every neN,
= Yn1+Zna ' yo= Zn1tXna and 2= Xn-1tYna (4.4)
2 2 2
Then:
Xn 1 0 1 1) (X4
Yo [75 (1 0 1| Vol (4.5)
z, 110)(z,4
If we note:
Xn 011
An=| Y, and Q=10 1], (4.6)
zZ, 110
then the equality (4.6) above becomes:
Anzg‘An-l. (47)
From equality (4.7), it follows that:
A—lﬂA -1 Q%A -1 Q3 Aps=...= L Q”‘lA—l QA 4.8
=5 Y= = Qo= Qb= S i AR QM (4.8)
On the other hand, from equality (4.5), it follows that:
011
Q=1 0 1}, (4.9
110
and, thus:
01 1y(0 11 2 11
Q>=0.0=1 0 1|1 0 1|=l1 2 1|,
1 10/1 10 112
2 1 1)(0 11 2 33
Q3=20=[1 2 1|-|1 0 1|=|3 2 3],
11 2){1 10 3 3 2
2 3 3)(0 11 6 55
Q=0%0=3 2 3|1 0 1|=|5 6 5],
332110 55 6
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10 11 11
=|11 10 11¢,
11 11 10

1
Q5=0*0= 1
0
11 22 21 21
0
1

oo o
oo O
o o1 ;o
A =)

Q5=0%Q=[11 10 11|- 1|=]21 22 21]|.

1
0
1
10 11 11) (O
1
1

11 11 10 21 21 22
We suppose that:
an Bn Bn
Qn: Bn an Bn
Bn Bn Otn
Then:
o Bn Bn) (01
Q™=0n0=| B, o, B, 10
Bn Bn an 1 1
z'ﬁn 0Ln"'ﬁn 0Ln"‘Bn Oy Bn+l Bn+l
= OLn"'Bn Z'Bn 0Ln"’Bn = Bn+l Olp Bn+1
an"’Bn OLn"‘Bn Z'Bn Bn+l Bn+1 Ont1
Therefore, from equalities (4.11), we obtain that:
On+1=2-Bn and

Now, from equalities (4.12), it follows that:
(Xn+1:2'anz'((Xn—1+[3n—1):2‘an—1+2‘Bn—1:2‘(Xn—1+an;

that is:
Oln+1-0ln-2-0tn-1=0.
The characteristic equation of this recurrence relation, (4.13'), is:
r2-r-2=0,
with the roots / solutions:
r=-1 and
From the equalities (4.14"), it follows that, for any neN,
on=p-(-1)"+q-2".
From equality (4.15), for:
n=1 and
we obtain:
-p+2-0=0 and
from which it follows that:
2
p 3 and

Therefore, from equalities (4.15), (4.16) and (4.13), it follows that:
_\n n
- 2-(-D"+2
3
Now, from equalities (4.10) and (4.17), it follows that:

and

2.(-D"+2"  (-D"42" ()"H42
3 3 3
onz| (DTHH2" 27420 (D)2
3 3 3
)" ()™ 2. (=" 42"
3 3 3

and, now, according to equality (4.8),

Bn+1:0(n+Bn.

r2=2.

n=2

pr4-q=2,

=7

n=

_ (_1)n+1 + 2n

(4.10)

(4.11)

(4.12)
(4.13)
(4.13)
(4.14)
(4.14')

(4.15)

(4.16)

4.17)

(4.18)
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2-(-D" 42" ()" 2" (—p)"e2"
X, 31 3 31 X,
y _1 " +2" 2.(=p"+2"  (-p"T+2" y
"o 3 3 3 o
Zn (_1)n+1+2n (_1)n+1+2n 2(_1)n +2ﬂ ZO
3 3 3
that is:
_1\n n _\n+l n _\n+l n i n _\n+l n
Xn=2 -n"+2 'x+( D" +2 ~y+( H"+2 .2:2 D" +2 -x+( D" +2 (y+2)
3.2" 3.2" 3.2" 3.2" 3.2"
_1\n n _\n+l n _\n+l n _1\n
_2: () +2 'x+( D" +2 ~(k-x):( H"+2 ~k+( 1) X,
3.2" 3.2" 3.2" 2"
Analogously we obtain that:
_\n+l n _q\n _n\n+l n _q\n
yn:( D +2 -k+( D 'y and zn:( N +2 ~k+( D -Z.

3.2" 2" 3.2" 2"
Now, we observe that, for every neN,

_q\n+1 n _1\n _1\n+l n _q\n
xn+yn+zn:3-( 1)3 2:2 -k+(21n) .(x+y+z):( D 2n+2 k+ (21”) k=k,
Finally, for:
k:TC, X:A, y:B and

from the above equalities, we obtain all angles A, B, and C,..Thus, for every neN,

A _ (_1)n+l+2n - (_1)n A B _ (_1)n+l+2n - (_l)n B
Y o Y 2
_1\h+1 n _q\n
and Cn=( D +2 -n+( D -C.
3.2" 2"
Since, according to equalities (4.20),
n+1 n n
lim A= lim [ED*2 0 CD A= lim By= lim = X,
n—>o0 n—so0 3.2" 2n n—>w n—>w 3

(4.19)

(4.19)

(4.19))

(4.2)

z=C,

(4.20)

it follows that this iterative process can be repeated infinitely, and the "limit" triangle is an equilateral one. So,
starting from any triangle ABC, the triangles A;B1C;, A2B2C», A3B3Cs, ..., AnBnCh can be formed, for every neN*

and, according to equalities (4.20), the following equalities hold:

Al:B—;CZTc_zA, Bl=C"12‘A:TE;B and C1=A'2‘FB_TE;C,

A BlJZrCl:nJ;A’ B,= ClJ;Alzn;B and C2=A1J2rBl=7t;C,

Ag= BZ-|2-C2=3-758—A, BS=02;A2=3-118—B and C3=Az;‘|32:3-n8—C,

A BZ+C2=5~n+A' E§4=C2+A2:5~n+B and C4=A2+Bzz5'“+C’
2 16 2 16 2 16

As= B4+C4=11-rc—A, BS:C4+A4:11-7:—B and CS:A4+B4:11-n—C,
2 32 2 32 2 32

Ag= Bs+Cs _21-m+A B6:C5+A5:21-n+B and C6:A5+B5:21-n+C
2 64 ' 2 64 2 64

_n\n+l | 5N _\n _n\n+l | 5N _\n
A=t 1)3 2: 2 -n+(21n) A =L 1)3 2n+ 2 .n+(21n) B
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_1\h+1 n —\n
and o S R Gy (4.201)
3.2" 2"
We observe that, foraneN,
An=By if and only if A=B; (4.21)
in which case, for every meN,
An=Bnm. (4.22)

We deduce from this that, for an neN, the triangle A:BnC, is isosceles / equilateral exactly if, for each meN, the
triangle AmBmCn is isosceles / equilateral. In particular, triangle ABC is isosceles / equilateral exactly if, for each
meN, triangle AmBmCn is isosceles / equilateral.

On the other hand, since, according to equalities (4.1):

An= Bn—l"'cn—l :E_ An—l B,= Cn—1+An—1 :E_ Bn—1

2 2 27 2 2 2
and C.= Aig+Bia m Gy
2 2 2

it follows that, regardless of the measures of the angles of triangle ABC, for any neN®*, triangle A,B.C, is (always!)
acute-angled.

Further, for each keN*, we will determine the lengths of the sides ax, bk and c, the semiperimeter py, the area Sk and
the radius of the circle inscribed in the triangle AxByCk.

Because:

Ri=R, (4.23)
from the Law of Sine, applied to triangle A1B1C1, we obtain that:

I_31—C1 =2-R. (4.24)

sin A,

So, according to equalities (4.23), (4.24) and (4.1), we obtain that:

2,=B,C;=2-R-sinA,=2.Rsin B7-C

T A

=2-Rssin| ——— :2-R-cosé. (4.25)
2 2 2

Analogously, we obtain that:

b1=C1A1=2~R-cos% and 01=A1C1=2-R-cos% . (4.25)

Thus, we obtained, again, the equalities from (3.7).
Judging analogously in the triangles A;B2C,, AsB3Cs, AsB4Cis, AsBsCs, AsBeCe., ..., AnBnCn, We obtain the

equalities:
. . B . A -A
a,=B,C,=2-R-sinA,=2-R-sin Lcl =2-R-sin E—ﬁ =2-R-cos —% =2-R-c0s T ,

2 2 2 2 4
b2=C2A2=2~R~COSLB and cZ=A2C2=2~R~cos% :
3.3=83C3=2'R-SinA3=2'R-Sin M =2.R-sin E_& :2.R.005& =2-R-cos n+A ,

2 2 2 2 8
b3=C3A3=2-R-cos n+B and €3=A3C3=2-R-cos n;C ;

. . B,+C . A -
2=B.Ca=2-R-sinA,=2-R-sin =3 ~3 =2.R.sin T A =2.R-cos —2 =2-R-C0S 3-n-A :

2 2 2 2 16
bs=CsA4=2-R-COS 3n-B and cs=A4Cs=2-R-c0S 3 Tltti_ c :

. . B . A .
aS:BSCS:Z.R.S|nA5:2.R.5|n Lc‘l =2-R-sin E_ﬁ =2'R'COS—4 =2.R-cos S-n+A ,
2 2 2 2 32
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5.-n+B 5.n+C

bs=CsAs=2-R-cos and cs=AsCs=2-R-c0s

as=BsCs=2-R-sinAs=2-R-sin BE’+CE’ =2-R-sin (g-%} =2-R-cos% =2-R-c:osM ,

beZCsAezz' R-cos

and Cs=AsCs=2-R-C0s

11-71-B 11.7n-C
3

an=ByCn=2-R-sinA,=2-R-sin % =2.R-sin (g— Ag-lj :2~R~cos%

_n\n n-1 _q\n-1
=2-R-cos ()" +2 -n+( D A,
3.2" 2"

_a\n , on-1 —\n-1
bn:CnAnZZ-R-COS|:( 1)3 ;_nz -TC-‘r-( ;)n B:| and

_1\n n-1 _n\n-1
=AC=2Rcos| CD*2 L ED T o (4.26)
3.2" 2"

Because:

lim A= lim {

n—>o0 n—so0 3.2" 2 n—>w n—>w

—_\n+l | on _\n
= +2 L« 1n) -A}= lim By= lim ang, (4.27)

it results that:

n+l n n
lim a,=2-R- lim cos )" +2 -n+(_l) ‘A :2-R-cos£:2~R~£:R-\/§. (4.28)
n—o0 n—o0 3.2" on 6 2
Analogously, we obtain that:
lim b,=R-+/3 and lim c,=R-/3, (4.28)
n—o nN—o

that is, the sides an, by and ¢y, tend, when n —oo, to the sides of the equilateral triangle inscribed in a circle of radius
R.

Now, determining the semiperimeter pi of triangle AcBKCx is immediate:

plz m =R. COSA + cosE + COSE
2 2 2 2
or:
p1: =
2 2
=R-(sinA1+sinBl+sincl)=4-R~cos% -cosE -cos&
n—A n-B n-C
=4.R-cos -C0S -COS ;
4 4 4
(See the equalities in (3.8) and (3.8"), respectively.)

n+B n+C
-COS X

B
= a2+b—2+02 =4~R~COS& -COS —2 -COS& =4.R-cos n+A .COS
2 2 2 2 8 8 8
3 n-A 3-n—-B 3-n-C
-COS -COS )

P2

p3= a3+b—3+03 =4-R-cos ﬁ .COS E .COS & =4-R-cos
2 2 2 2 16 16 16

B . . .
=a4+b—4+c4=4~R~COSﬂ-COS—4-008&24-R-COS SmtA .COS 5>n+B .COoS 5n+C ;
2 2 2 2 32 32 32

P4
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as+bs+c A B Cc ST— - -
S35 0540 ) Rcos 25 o5 25 .cos &5 =aR.cos LT A os 11TTB g1l m=C

2 2 2 2 64 64 64

b A B C . . .
=860+ C ) R.cos 28 o5 28 o5 8 zaR.cos LT s LB g 2L mHC

2 2 2 2 128 128 128

Ps

a,+b,+c
Pn= n 2n n

n+1 n n n+1 n n
=4-R-cos{n-(_2 anz +(2_n131 -A} ~cos{n-(_13) znjlz +(2_n131 -B}

_q\n+1 n 1\
-cos{n- ( 2 Zn:rlz + (anzl -C} . (4.29)
According to the above equalities, regardless of the way of determining pn, we have:

343
2

B
=4-R-cosi .c0s — ~cosC—2"

lim p,=

n—oo

that is, the perimeter p, tends, when n —oo, to the perimeter of the equilateral triangle inscribed in a circle of radius
R.

R, (4.30)

To calculate the area Sk of the triangle AxB«Cx we proceed as follows:
.C, -SInA
Sk= M i (4.31)
2
So,

Cc .

2-R-cosE'2~R-cos—-sm E—A
2 2

2 2

Sy

] A B _C
=2-R2.cos 0 -C0S — -C0S —,
or:

S;1=2-R?.:sinA;-sinB;-sinC;=2-R2.sin (g-%} -sin (E —E) -sin (E —EJ

A B C
=2-R2~cosE -C0S — -C0S — .

(See the equalities in (3.9) and (3.9"), respectively.)
Analogously, we obtain that:

n+A

n+B . n+C
-sin :
4 4
3 n-A . 3n-B . 3-n-C
-Sin -SIn X
8 8
5.x+A . 5n+B . 5.-n+C
-SIn -SIn )
16 16
11.n-A . 11.n-B . 11.-n-C
-SIn -SIn )
32 32 32
21-n+A . 21-n+B . 21.-n+C
-SIn -SIn X
64 64

S,=2-R2-sinA,-sinB»-sinC,=2-R2-sin sin

S3=2-R2-sinA3-sinB3-sinC3=2-R2-sin

S4=2-R2-sinA4-sinBy4-sinC4=2-R?-sin

Ss=2-R2-sinAs-sinBs-sinCs=2-R2-sin

Se=2-R2-sinAg-sinBe-sinCs=2-R2-sin

Sn=2-R2-sinA-sinB,-sinCy,

_\N+l , 9N _\" —_\n+1 , 9N 1\
=2-R2-sin{( N +2 ~n+(21n) -A]sin{( N +2 'TH‘( 1n) -B

3.2" 3.2" 2

n+l n n
-sin{(_l) R -c] 4.32)

3.2" 2
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And for S, we have the equality:
lim S,= 348 R?,
n—oo 4

that is, the area S, tends, when n —o0, to the area of the equilateral triangle inscribed in a circle of radius R.
Applying the formula:

r= S (4.34)
p
in each triangle AxB«Cx, we obtain:

(4.33)

A B C
COS—-COS—-COS—

_S__ 2-R%sinAysinBysinG, _, o P PR

N=—=

Pr R. cosh+cosi+c05—0 cos—+cosE+cosg
2 2 2 2 2 2
(See the equalities in (3.10), (3.10") and (3.10").)
2 o . . cosﬁ-cos—1~cos—l
S, _ 2-R“-sinA,-sinB,-sinC, 2 2 2
ro=—%= A B B =2-R. A B C
P2 R.[cosL +cos—L +cos—L COS"—L +COS—t + COS—+
2 2 2 2 2 2
n—-A n—-B n-C . n+A . n+B . n+C
cos 2 -c0s 2 -COS 2 sin h -sin 2 -sin 2
=R n—A n— n—-C 2R . n+A . n+B . m+C’
cos +c0s +c0s sin +sin +sin
4 4 4 4 4
2 , ) 0522 .cos B2 cos C2
r-S3- 2-R“-sinAz-sinB;-sinCg R 2 2 2
=8 = -2.R.
Ps R. cos&+cosi+005—2 cos—2+cos&+cos&
2 2 2 2 2 2
n+A n+B n+C . 3n-A . 3n-B . 3-n-C
cos -COS -C0s sin -sin -sin
n+A n+B n+C . 3n-A . 3rn-B . 3gn-C’
cos +c0s +c0s sin +sin +sin
8 8 8 8
S 2.R?.sinA,-sinB,-sinC cos” % -cos~*-cos—%
=24 - 4° 4" 4__oR. 2 2 2
Ps R.[cos™ 4 cosB2 4 cos B2 c0s™2 1 cos B2 1 cos &3
2 2 2 2 2 2
3-n—-A 3-n—-B 3-n-C . 5n-A . 57x-B . 5=nx-C
cos -c0s -COS sin -sin -sin
SR, 16 16 16 g 16 16 16
3 t—-A 3-71—B 3-n-C . 57-A . 5n-B . 5nrn-C’
cos +c0s +c0s sin +sin +sin
16 16 16 16 16 16
s 2.R2.sin A -sinB. -sin C cos—%.cos—2%.cos—4
=S5 2 ‘SiNA; sinBs-sinCs _, o 2 2 2
Ps R.[cos™ +cos B2 4 cos Bt c0s™4 4 cos B4 4 cos Ot
2 2 2 2 2
5-n+A 5n+B 5n+C . 11-n-A . 11.-n-B . 11.-=n-C
cos -c0S -COS sin -sin -sin
SR 32 32 2 _,p 32 32 32
5.-n+A 5-n+B 5.-n+C . 11n-A . 11.n-B . 11.-n-C'
cos +c0s +c0s sin +sin +sin
32 32 32 32 32 32
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that:

As

5 5
=S _ 2-R?-sinAg -sin By -sin Cg 2R €0S—,7C0S—7-COS =~
=28 = IR
Ps R.[cos”™S +cos 5 + cos B8 0055 4+ cos 25 + cos &5
2 2 2 2 2 2
11-n—-A 11-n-B 11.n-C . 21-n+A . 21-n+B . 21-n+C
cos -COS -C0S sin -sin -sin
SoR. 64 64 64 on 64 64 64
11-n—-A 11-n-B 11-n-C . 2l-n+A . 21-n+B . 21-w+C
cos +C0s +C0S sin +sin +sin
64 64 64 64 64 64
2 . . cos—-L.cos—=L.cos Cha
r_Sn _ 2-R7-sinA, -sinB,, -sinC, R 2 2 2
=20 = -I.R.
P R (cos A;*1 +cos B’; +cos anlj cos ;‘1 +c0s B;‘l +cos C;‘l
N, on-1 — yn-1 _\n+l | 9N N
Hcos (=1) +n2 -Tc+( 1)n ‘A Hsin D n+2 -n—( 1n) -A
or 3.2 2 B 3.2 2 .
- .ZCOS (_1)n+2n71~n+(_1)n71~A - .Zsin ()™ 20 -n—(_l)n A | o
3.2" 2" 3.2" 2"
Or:
r=4-R-sin % -sin g -sin% . (4.36)
So,
r1=4-R-sin% -sin% -sin%=4~R~sin R;A sin n;B sin n;C ,
r2=4-R-sin%-sin%~sin%=4~R~sin n;A -sin n; B -sin n;C ,
rg,=4-R-sini -sinﬁ 'sin&=4-R-sin 3m-A n37-B p37-C ,
2 2 2 16 16 16
r4=4-R~sinﬁ ‘sinﬂ-sin&=4-R~sin SmHA Gp2T+B G5 ntC ,
2 2 2 32 32 32
r5=4-R~sinﬁ sin 25 sin &8 24 Risin L1 E A gjp 1L m-B g 11n-C ,
2 2 2 64 64 64
r5=4-R-sini-sinE-sin&=4-R-sin 2LntA Gp At B g 2lntC ,
2 2 2 2 128 128
n+1 n n
rn=4~R-sini~sin&-sin&=4-R-sin 71:-(_1) +12 +(_1)1 A
2 2 2 3'2n+ 2n+
_\+l , o0 4N N+l , 50 n\n
sin| -& 22nf12 +(2n1+)1 -B} -sin{n-( 13)2nf12 +(2n1+)1 -c} (4.37)
Regardless of the way of determining the radius rn, according to the equations (4.35) and (4.37), we obtain
lim r=2 | (4.38)
n—oo 2

that is, the radius r, tends, when n —o0, to the radius of the circle inscribed in the equilateral triangle inscribed in a
circle of radius R.

On the other hand, from the above equalities, we obtain that:
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A B C
COS—-COS—-COS—
2 2

. n-A . 1-B . n-C__ wn+A n+B n+C
A B =sin -SIn 7 -SIn 1 =C0s 4 -COS 1 -COS 7 ,
COS—+C0S—+COS—
2 2
inrc+A in‘lt+B in1t+C
S 4 S 4 S 4 _. m+A . n+B . n+C__  3.-m-A 3-n-B 3.-n-C
=sin -SIn -SIn =C0s -COoS -COS )
n+A n+B n+C 8 8 8 8 8 8

sin +sin +sin
4 4

. 3n-A . 3n-B . 3.-n-C
sin -sin -S

8 8 8 _ . 3n-A . 3n-B . 3-n-C
3 t—A 3.-n-B 3-n-C =sin 16 sin 16 Sin 16
sin +sin +sin
8 8
5-n+A 5-nt+B 5nt+C
=cos -COS -COS ,
16 16 16
Sin5-1t—A.Sin5-7:—B.Sir15~1t—C
16 16 16 _ . 5n+A . 5n+B . 5-n+C
B A 5B 5-n—C_Sm T -sin T -sin ”
sin +sin +sin
16 16 16

11.n-A 11.7n-B 11.n-C
-COS -COS
32 32 32

=Cos

. 11.n—-A . 11.7-B . 11.7n-C
n -sin -sin

si
= 32A n 32 . 1132 = =sin 11-n—-A sin 11-n-B sin 11-n-C
sin== 2 fgin== T2 L qin== "= 64 64 64
32 32 32

=C0s

21-t+A 21-t+B 21-t+C
-COS -COS s
64 64

Sin21-1t+A.SinZl-Tc+B_Sin21-1t+C
64 64 64 _. 2l.n+A . 21.m+B . 21-n+C
2in+A __ 21n+B__ 2lniC " 128 " 128 " 128
sin +sin +sin
64 64 64

43-n—-A 43-n-B 43-n-C
-C0S -C0S
128 128 128

=C0s

| (=pttgon D"
Hsm{ . M= ~A} e . .
?rJ\j n : n :HSin|:Tc'(_1) :;2 +(_n]21 'A:|

Z:Sin{(_l)3 2:2 -n—(_zln) -A} 32 2

_n\n n+l _n\n
=[Jeos = E2 22— _ED 4|
3_2n+ 2n+

Therefore, the equalities in (4.34) can be expressed in these terms.

Conclusions, Additions and Recommendations:-

As | have stated in previous works on this topic, we can study, in a general way, using logical deductibility and the
method of analogy, the Cevian and Circumcevian triangles. On the principles underlying these two methods and
their application in teaching, see (Valcan, 2013).

We have seen in these works how these geometric or trigonometric relations (identities or inequalities) are
transposed into cases known (or less known) to students, more precisely in I-cevian or circumcevian triangles.
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Well, moreover, we saw above how the measures of the angles and the lengths of the sides of the I-circumcevian
triangles can be calculated. Determining these allowed us to determine the semi-perimeters and areas of these
triangles, and then the radii of the circles inscribed in them.

Of great help in these determinations was the fact that the radius of the circumscribed circle in each I-circumcevian
triangle, regardless of the iteration order, was the same.

Next we will see what order relationships exist between the quantities determined in the previous paragraph,
depending on the iteration order n.

First, we observe that the sequence (An)nen is alternating, in the sense that:
> ifAsg, th en:

Aono<Aon and Azn1>Aon, (5.1)
and, for every neN,

Agn< g and Az-n+1Z§ , (5.2)
and:

> if Az%, then:

Az.n_zzAzAn a.nd Az-n-ISAZ-rHl- (5'3)
and, for every neN,
Agn> g and Az-mﬁ% : (5.4)

Therefore, from inequalities (5.1) — (5.4), it follows that:
> if As%, then:

A<AKAKL ... <AL <AL ... < g <. <Aon1<Ao sl L. SA3§A1§§ (55)
and:
. T
» if A>— then:
3
A<Az<AL ... <A 1<ALn+S L S%S...SAz.nﬁAz.n.zS SAzSg . (56)

Now, according to formulas (4.25) and inequalities (5.5) and (5.6), it follows that:
> if As%, then:

asasas ... <arn2<an< ... <R- \/5 <.Lapnefaznas ... <a<ai<2R (5.7)
and:

> if AZE, then:
3
A<Be<AS ... <Apn1<pnni< ... <R /3 < ... CBpn<Arno< .. <. (5.8)
Analogously, we obtain the inequalities for the angles Bk and Cy, and for the sides by and cx, respectively,
for ecvery keN*,

At the end of this paragraph, respectively of this paper, we will present the order relations between the semi-
perimeters pn, the areas S, and the rays ry, that is, we will present the monotonicity of the respective sequences.

In this sense, to begin with, we need the following notion and the following technical results:
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Definition 5.1: If IcR is an interval, then we say that the function f : I — R is semiconcave, if, for every x, y l, the
following inequality holds:

f(x+yj2f(x)+f(y)_ (5.9)
2 2

Proposition 5.2: If IcR is an interval, then a function f : I — R is semiconcave if and only if, for any x, y, zel, the
following inequality holds:

f(xzy)+f(y;rzj+f(ZJ2rXJ2f(x)+f(y)+f(z). (5.10)

Proof: Let ICR be aninterval and f : | >R, a function for which inequality (5.9) holds. Then, by hypothesis, for any
X, Y, zel,
f X+Yy Zf(x)+f(y)' f y+2 2f(y)+f(z) and f Z+X 2f(z)+f(x) '
2 2 2 2 2 2

Adding these inequalities, member by member, we obtain that, for any x, y, zel, inequality (5.10) holds.
Conversely, for any x, y, zel, we have inequality (5.10), then considering z=x, in this inequality, we obtain
inequality (5.9).

Corollary 5.3: If A, B, C are the measures of the angles of a triangle ABC, then the inequalities hold:

a) sinA+sinB+sinC_<cos§ +cos% +cos% ; (5.11)
b) sinA -sinB-sinC_<cos§ -cosg -cos% . (5.12)
Proof: a)We consider the function:
f:(0,nr) >R, where, for every xe(0,n), f(x)=sinx.
Then the function f is semiconcave, because, for every X, y €(0,x),
Sinx+y25|nx+smy - 12cosﬂ,
2 2 2
what is obvious. Therefore, according to inequality (5.10), for:
X=A, y=B and z=C,

we obtain that:

sinA+sinB+sinC<sin A;r B +sin BZC +sin C+A ,

2
inequality which is equivalent to inequality (5.11), because:
sin =cos£, sin B+C = cosE and sin C+A =cosé. (5.13)
2 2 2 2
b) We consider the function:
g:(0,m) -»R, where, for every xe(0,n), g(x)=Insinx.
Then the function f is semiconcave, because, for every x, ye(0,r),
Insinx;yzlnsmlensmy & sinxzyz,/sinx-siny
& 2~sin2% >C0S(X-Y)-COoS(X+Y)
= 2-sin2% >c0s(X-y)-cos(x+y)
= 1-cos(x+y)>c0os(X-y)-cos(x+y)
= 1>cos(x-y),
what is obvious. Therefore, according to inequality (5.10), for:
X=A, y=B si z=C,

we obtain that:

. . . . A+B . B+C . C+A
InsinA+InsinB+InsinC<lInsin er +Insin er +Insin ; ,

inequality that is equivalent to the inequality in the statement, due to equalities (5.13).
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Remark 5.4: From inequality (5.12), we deduce (immediately!) the well-known inequality:
. A . B . C 1
sin— sin— sin— <=,
which is valid in any triangle ABC.
Now, let's get back to our problem. Thus, we have:

Theorem 5.5: If in triangle ABC the bisectors of the angles A, B, C intersect the circumcircle of the triangle for
the second time at points D, E, and F, respectively, then the inequalities hold:
a) PuaascsPaper; (5.14)
b) Area(4ABC)<Area(4DEF). (5.15)
Here Pxyz we denote the perimeter of triangle XYZ.
Proof: Consider the figure below. Then:
Paasc=a+h+c=2-R-(sinA+sinB+sinC), (5.16)
and,
Paper=DE+EF+FD=2-R[sin(xDFE)+sin(XEDF)+sin((<DEF))]

=2-R- sinA+B+sin B+C+SinC+A =2-R- c01~‘,é+c:osE+cosE . (5.17)
2 2 2 2 2 2

From equalities (5.16) and (5.17), it follows that the inequality in the statement is equivalent to the inequality (5.11).

A
E
F
B C
D
b) Consider the figure above. Then:
Aanpc= a'bF'{C =2-R%sinA-sinB-sinC, (5.18)
and,
Axper= % =2-R?.sin(«DFE)-sin(«<EDF)-sin(«DEF)
=2-R%sin A+B -sin BZC -sin C;A =2-R2~cos% ~cos% -cos% . (5.19)

From equalities (5.18) and (5.18), it follows that the inequality in the statement is equivalent to inequality (5.12).
Returning to the I-circumcevian triangles, according to the results above, we obtain that:

343 343
2 4

R and S<S1<8L.. <502,

PLP1<P2s...SPr<... < ‘R2, (5.20)

On the other hand, since the Insinx function is semiconcave, according to inequality (5.10), it follows that:

B,+C C,+A

D +Insin

. A,+B . . . .
Insm%ﬂnsm L >InsinAn+InsinBp+InsinCy, (5.21)

which is equivalent to:
SiNAn+1-5iNBn+1-SiNCh+12SiNAR-SiNB,-SinC,. (5.21)
It follows, from this and from equalities (4.36), that:

rSrlﬁrzﬁ...SrnS...S% R. (5.22)
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